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This study concerned limits of sequenées. Since
limits are such an important mathematical concept for
students to ‘understand,! the major purposes of this study
were to:

1. Develop a meaning of Ythe understanding of the
limit of a sequence’ based upon students’
‘behavior.

2. Construct an instrument for measuring the
understanding described in 1«

An additional purpose was to:

3. Investigate subskills related to understanding
the limit concept.

A good test for meﬁsuring the understanding in "1"
would prove useful in helping teachers at various levels
to answer the question, "Do my students understand limits?"
as opposed to just finding limits.

Naturally, such an endeavor would require some
thought on what indeed it means to understand limits.
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Prior to this study such a definition of understanding

limits appeared to be lacking.

Thus, behavioral objectives were established by
identifying the main features of limits and gaining a
consensus from well-qualified professionals whose work
involves an intimate knowledge of limits.

Test development involved constructing an initial
version of the limits instrument, and then performing
many revisions so that certain standards of measurement
theory were satisfied. The final version of the instru-
ment was administered to 263 subjects who had studied
limits. The results for this 53 item test were reliability,
alpha = 0.817; mean, 35.9 (67.7%); and standard deviation,
6.99 (13.2%). Validity checks were made on the instru-
ment by comparing performance on this instrument and other
related measures.

\This study also involved identifying specific sub-
skills related to understanding limits. This is note-
worthy in that a variety of illustrious professors
shared their views with regard to these subskills. Linear
relationships were found between scores received on the
limits instrument and scores on five subskills test.

Finally, specific information gleaned from the
analyses performed in this study would directly benefit
classroom teachers. Students did poorly on absolute

value, distance, inequality, and segments or intervals.

They do not have a good formal level of understanding
iii




limits, although they did fine at seemingly lower levels
of understanding. Repeating decimals caused students
confusion. Also some specific misconceptions of which

teachers should be aware, surfaced during this study.
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CHAPTER I

INTRODUCTION

Background to the Study

This study investigates understanding of limits. The
concept of limit is one of the fundamental ideas in mathe-
matics. The limit concept is a broad one. Thus, to estab-
lish a focus for this study, the researcher concentrated on
limits of sequences..

It should not be\&ifficult to convince the reader of
the importance of limits?>,The limit concept is the founda-
tion upon which differential and integral calculus are
built. The all important question of whether an infinite

series converges or diverges rests with limits of sequences

of partial sums. /;; -%a pr

Since the topic of limits is such an important one, it
is essential that students understand it. It is also
desirable to be able to evaluate whether a student under-
stands the concept of the limit of a sequence. In order
to evaluate understanding, it is necessary to identify
what is meant by "understanding of the limit concept.”

There were considerable differences among educational
researchers as to their meaning of "understanding the con-

cept of the limit of a sequence.” This was evident from




2
the instruments they used to measure the understanding of
the limit concept. These instruments varied greatly in
the reviewed studies. Variation in the meaning of "under-
standing limits" was also noted in correspondence from
nationally recognized experts in the mathematics and mathe-
matics education disciplines. Several experts correctly
indicated that decisions related to "understanding limits”
depend upon what is meant by "understanding limits."

So, it is easy to say, "Limits are important. Students
need to understand them.” But it is a trying task to
establish a meaning for "understanding the limit concept.”
Even after this feat has been accomplished, it is still
necessary to construct an instrument to measure this under-
standing. The direction of this particular research will
now be discussed.

\\”\TQThe entire study was related to characterizing
and measuring understanding of the concept of the

limit of a sequence. he population of concern

consisted of those persons  who had been exposed
to a unit covering this topic.” The major purposes
were: —

1. “To develop a meaning of fthe understanding of

the limit of a sequence' based upon students’

behaviochlw“4;>

iy N D
et 2. To measure the meaning of *the understanding of

e )
‘F the limit of a sequence.® This was to be done by —7?¥t /

s

-
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constructing an instrument that is valid,

reliable, objective, and suitable for measuring
this understandinga>

y
The related topic wass:,

-
3. Mo investigate specific subskills that might be
related to understanding the concept of the limit

of a sequence,

Prior to this study, there was not an operational defi-

nition for the understanding of the limit of a sequence.
Also, no test was found which adequately measured the
understanding of the limit of a sequence. This study was

designed to fill these voids.

Review of the Literature

Understanding Concepts

The topic of concept learning is very expansive and a
detailed discussion of it is not the intention of the re-
search proposed here. However, a few preliminary femarks
must be considered. Many definitions of "concept" have
been published. Without being critical of other defini-
tions, this researcher is most impressed with a definition
proposed by Klausmeier, Ghatala, and Frayer (1972). They

state that a concept is

ordered information about the properties of one
or more things--objects, events, or processes--
that enables any particular thing or class of
things to be differentiated from, and also
related to other things or classes of things

(p. 3).
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Since this study intended to determine individual

understanding of the limit of a sequence, it was perti-
nent to investigate the literature for information con-
cerning measuring the understanding of a concept.

Summative evaluation is one means by which to evalu-
ate this understanding. Begle and Wilson (1970) discuss
the associated difficulty that is encountered:

Ideally, mathematics educators should be ahle

to take any task which students are to learn

and to develop criteria by which teachers can

determine when the student has learned it.

There are not very many nontrivial examples of

such criteria in the mathematics education

literature. Usually, the criteria are what

some norm group has done on a measure, or more

typically, coverage of mathematical material in

class without assessment of student proficiency

~ (p. 370).

They suggest that a model of mathematics achievement facili-
tates the task of describing or specifying the pupil per-
formance criteria which determine student proficiency.
"The word 'model’ is used in the sense of providing an
organizational framework; it represents a categorization
system with some stated rules and relationships for using
the system” (Begle and Wilson, 1970, p. 372). They present
several models that have been used to measure student pro-
ficiency in mathematics.

One key component of the models Begle and Wilson dis-
cuss is the use of categories of cognitive behavior. These
are "levels of cognitive behavior assumed to be associated

with the outcome or its measure” (1970, p. 372). Cognitive
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levels represent categories of expected behaviors. "The
primary value of describing cognitive levels is to insure
a more balanced coverage within a content area" (1970, p.
372). Without using this dimension in the model, Begle
and Wilson express the opinion that mathematics educators,
teachers, and test constructors overemphasize certain
objectives and tend to ignore others (p. 372). The same
authors also state the need for these levels to be defined
in such a manner as to be comprehensible across the disci-
plines of mathematics, education, and psychology.

Bloom receives much of the credit for the use of cog-
nitive levels in evaluating educational outcomes (Begle,
1979, p. 1l4; Begle and Wilson, 1970, p. 371; Romberg and
Wilson, 1968, p. 490). Bloom's taxonomy contains six
major classes: knowledge, comprehension, application,
analysis, synthesis, and evaluation (Bloom, 1956). Defini-
tions of these classes and their subclasses are contained
in Bloom's Taxonomy of Educational Objectives, Handbook 1l:
Cognitive Domain. Modifications of Bloom's taxonomy have
been adopted in some mathematics testing projects, such as
the examples presented by Begle (1979) and Begle and
Wilson (1970).

The mathematics achievement tests of the National
Longitudinal Study of Mathematical Abilities, NLSMA, were
constructed using a model with four levels of cognitive

behavior: computation, comprehension, application, and
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analysis (Begle, 1979, p. 15; Begle and Wilson, 1970, p.
374). Five models, similar in their use of cognitive
levels, are cited in Begle and Wilson. The influence of
Bloom can be clearly observed by the widespread use of cog-
nitive levels in these models.

This researcher reviewed many models which have been
used to describe what it means to understand a concept and
was not convinced that any one model already in existence
applies to the meaning of the understanding of the concept
of the limit of a sequence. The model which was used for
this study incorporated the following levels of expected
behaviors:

Intuitive level: This level of understanding
requireé the student to demonstrate the ability
to comprehend situations which involve or imply
the contexts from which the concept of limit of
a sequence will develop. Vocabulary usage is
non-rigorous, corresponding to pre-formal

experiences with limits.

Identification level: This level of under-
standing requires the student to be able to
classify sequences in terms of their conver-
gence or divergence, using only elementary
methods (inspection or elementary arithmetic
or algebraic properties). In the case of




7
convergence, the student can specify the

limit.

Production level: This level of understanding
requires the student to be able to produce an
example of a sequence which meets certain pre-
scribed conditions, if such an example is
possible; and to be able to state that no such
example will satisfy the conditions if it is
-not possible. The prescribed conditions will
be of a nature that can be easily understood

by the student,.

Comprehension level: This level of under-
standing requires that the student demonstrate
knowledge of the general principles which
characterize the convergence/divergence of a

sequence.

Formal level: This level of understanding
requires that the student be able to communicate
a precise definition of the limit of a sequence
and demonstrate a knowledge of the relation-
ships among the component parts of the

definition.

It should be noted that this model is not intended to
be hierarchical. Although this author does not rule out

'''''''''''''




8
the possibility of an ordering, further research would be
required to determine if the levels form a hierarchy.
Testing the Understanding of Limits

Many tests have been given on limits. It appears that
these tests involve a preponderance of computations of
limits or proving that particular limits exist. Another
observation by this investigator is that in practice the
scoring of items which attempt to identify greater under-
standing of limits tends to be subjective. For example,
a thorough computer search of the available literature
about limits revealed no cases in which partial credit
problems were accompanied by explicit directions for the
judges to use to award the partial credit. A substantial
effort was made in locating and evaluating existing tests
that are concerned specifically with the limit concept.
The limits tests found were carefully reviewed and evaly-
ated with regard to several basic principles of measure-
ment theory. Thus, prior to addressing the quality of
these tests, various aspects of measurement theory used
in assessing tests will be discussed.

This study concerns itself strictly with summative
tests. Even though there are other models, the most
frequently encountered one used in testing in various
areas of mathematics and mathematics education is the
summative model. Nunnally gives the major features of

summative tests:
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1) the relationship between the sum of item scores
and the attribute being measured is approximately
linear

and 2) the test result is a linear combination of
items (1978, pp. 83-84).
An instrument which uses the simple sum of item scores is
an example of a summative test. ost achievement and
attitude tests in mathematics are summative. The topic
of item weighting in scoring summative tests has been
€iven considerable attention by experts in the field of
measurement. Nunnally (1978) questions indiscriminant
differential weighting and actually recommends the un-
weighted summation of item scores in nearly all cases
(pp. 296-297).

"An appraisal instrument that measures what it claims
to measure is valid" (Van Dalen, 1979, p. 135). Reliabil-
ity concerns the stability of the measurements over a
variety of conditions (Nunnally, 1978, p. 191). Relia-
bilities can be computed, and it would be helpful to note
that Nunnally (1978) places 0.70 as the lowest estimate
that should be a standard of reliability for research
purposes (p. 245). Some people confuse the terms validity
and reliability, so a quick aside will serve to point out
the meaning of the two terms. Consider several situa-
tions which might occur during an official weigh-in for
a heavyweight division wrestling match. Three separate

RN T e T T N N LA . i
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recordings of each competitor's weight are made.

Case 1. One wrestler's weights are listed as 161,
178, and 189.

Case 2. The defending champion weighed in before his
heavyweight match. The scale read 120, 119,
and 121 for each of the three times he stood
on the scale.

Case 3. The challenger for the heavyweight title
steps up and weighs in. The weights recorded
are 184, 184, and 185,

Applying the ideas of validity and reliability to

cases 1, 2, and 3; the reader probably noticed that:

Case 1. The scale was not very reliable as was
apparent from the wild fluctuations in the
readings.

Case 2. Although the scale is very reliable in that
approximately the same number is being
recorded each time, something is wrong with
the validity of the instrument. Weights
approximating 120 pounds are not valid
measures for a defending heavyweight

wrestler.

. R
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Case 3. Not only are the readings reliable, but the

;é reasonableness of a heavyweight contestant
» .. :
2; weighing approximately 184 pounds causes no
g: concerns regarding a lack of wvalidity for
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this instrument. Notice, there is no
guarantee on validity here--simply support
for the claim that the scale is a valid
instrument. More situations would be used
to investigate the validity to a greater
extent. For example, comparing weights
with another scale would be a good method
of checking validity here.

Van Dalen's main concern for obtaining an objective
test was that the same score be received regardless of who
sceres the test. Examiners should not have to make sub-
jective judgments when scoring the tests. Campbell and
Stanley (1963, p. 9) emphasize that objectivity is
threatened when "autonomous changes in the measuring
instrument" account for a difference in observations. An
example of this would be changes in the mood of the scorer
when giving out partial credits. If there are not strict
guidelines for awarding the partial credit, the scorer
would probably grade differently according to whether he
or she was happy or sad; energetic or tired; etc. This
researcher has had positive experiences being on grading
teams with the purpose of scoring items which were awarded
partial credit. Rigorous guidelines had been written
telling how to grade the item, practice solutions were
graded and compared to those of other scorers, and further

grader training was given as the need indicated. So this
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researcher is not opposed to partial credit items, however,
the subjectivity that occurs does present problems. When
conducting research it is necessary to avoid any situations
in which experimenter bias might influence the results. 1In
this setting, that would indicate that experimenter grading
is not good practice. In fact, Van Dalen (1979, pp. 296-
297) specifically warns against this practice (p. 141).

Suitability was the last of the four terms mentioned
by Van Dalen (1975). He says that an instrument must also
be suitable for one's purposes, e.g., the proper degree of
precision, reasonable cost, ease of administration, etc.
(pp. 141-142). Most readers can identify with the ideas
here because of so many experiences giving tests and grading
them. It is important to realize that suitability may vary
according to context. For example, it might not be a prob-
lem giving half-hour interviews to five or six people, but
for thirty people this would become too time consuming.

Now, some limits tests are presented below. They
shall be discussed with the ideas of validity, reliability,
objectivity, and suitability in mind.

Shelton (1965) compared inductive and deductive
methods of teaching limits, and Lackner (1969, 1972) and

o Stock (1971) performed replication studies using some of
Shelton's materials. The criterion test on limits of

5 functions was used in all three studies, as well as a pre-

f.-

requisite test. Some commendable steps were taken in the
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development of his test: He did report reliability data.
He appears to have used a scheme to insure adequate
coverage of the concept--content is the dimension by which
he categorizes his items.

Shelton's instrument also had some problems: Split-
half reliabilities, which Shelton reports, are not the
most desirable reliability estimates. More importantly,
his estimates did not reach an acceptable level. Recall
that Nunnally used 0.70 as a "cutoff” for the reliability
of instruments used for research (Nunnally, 1978, p. 245).
The objectivity of the test is threatened because the tests
were all experimenter graded. Since four items were scored
by partial credit, this is not desirable, as was mentioned
earlier in this section. Shelton's instrument was one of
the instruments reviewed that used different weights for
some items. Since Shelton did not provide any justifica-
tion for doing this, it is not condoned by this researcher.
As for validity, this researcher noticed considerable
interference from such extraneous factors as algebraic
skills and manipulations. Three specific items required
testees to be able to

1) factor the difference of cubes,

2) eliminate radicals in the numerator
or 3) divide polynomials.

Thus, a student might very well miss an item for lack of

mastery at an algebraic manipulation. How could we conclude

AP
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taat thils student does not understand the concept of
limits from several such items?

Coon (1972) investigated the intuitive concept of limit
possessed by pre-calculus college students. She modified,
and deleted some of, Taback's (1970) tas“s which were
designed to measure the child's intuitive understanding
of the concept of limit. Taback's tasks examined:

1) the functional rule of correspondence,

2) neighborhood of a point,

3) convergence,
and 4) 1limit points (Taback, 1970).

Coon's instrument was comprised of six tasks which were
administered in an interview setting. A subjective five-
point Likert type rating, ranging from "clear evidence of
not understanding” to “clear evidence of understanding”
was employed (p. 32). A conversion of the ratings to a
numerical score was devised by Coon (pp. 52-55). The
material in the test is too lengthy to include in this
report; however, the general situation of one task,
Halfway Rabbit, is presented below.
A rabbit hops halfway from one end A of a line
segment AB toward the other end B, then hops
halfway again from where he is toward point B.
The rabbit continues to hop, following the same
pattern of hopping halfway from wherever he is
toward point B. The questioning relates to the
?;?viigﬁ?ce of the hops to the limit point B

No significant relationships were found between scores on
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this test and any of the following: mathematics scores
on the ACT entrance test, achievement in calculus, or
possession of a high school calculus background. Coon
(1972) cites some limitations of the instrument as being
the subjective rating system (p. 103), the suitability of
the instrument with respect to administrative details (p.
103), and the confinement of the content to sequences
which are monotonic (p. 102). Her suggestions for further
research include the invention of a similar test which
utilizes shortened tasks so that students could focus
directly on convergence/divergence (p. 103), and that this
test be in a written format to enable the administration
of the instrument to more than one person at a time (p.
104).

Pavlicik (1968) constructed a test "designed to measure
student learning of the limit concept" (p. 26). He used
a well-organized plan for test development, including
using responses from test items of a preliminary version
of the test for distractors of the same items presented
in a multiple-choice format in the final version of the
test (p. 33). The use of a pilot study to revise the
test is also a commendable practice., Several reliability
estimates were provided (p. 29)--all of which were
respectable, i.e., ranging from0.75to00.85 which easily

meet the standards proposed by Nunnally (1978, p. 245).

The test items corresponded to items which might be used
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to investigate the identification and formal levels of the
model used in this study. The absence of items involving
the other levels was a concern of this researcher. The
grading of the proofs on the test was subjective. The
scores for the proofs were wisely not combined with the
scores from the objective section, since, as the author
notes, no justification was provided for the differential
weighting of the items for the two sections (p. 42).

Macey (1970) developed a test which was "designed to
measure the student's understanding of the definition of
the limit of a sequence and its application in proving
limits of sequences” (p. 21). The majority of items
would be associated with the identification and formal
levels used in this study, but there were also some
excellent items which Macey included "to assist in deter-
mining whether a student had developed a proper conception
of the limit of a sequence” (p. 22). Two proofs are
contained in the second part of the test. The subjectivity
of the scoring on the proofs and the weighting of each
item in part two of the test, ten times the weiéhting of
each item in part one, are concerns of this researcher.
Finally, Macey notes that "only sequences which had limits
were considered” (p. 60), which was reflected in the fact
that only one test item involved a divergent sequence.

In an effort to summarize this section, the reader

will recall that validity, reliability, objectivity, and
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suitability of instruments were explained. Since no !
formal critiques of the instruments were available, this ‘
researcher presented her own critiques of those instru- i
ments by applying some of the standards for validity, 1
reliability, objectivity, and suitability. There was no |
instrument reviewed by this investigator which satis-

factorily met all of.the criteria which are required to

measure the understanding of the limit concept. That is,

none of the instruments contained items covering each of

the five cognitive levels; intuition, identification,

production, comprehension, and formal; mentioned earlier

in this report. However, critiques of the instruments

presented in this section were useful for developing the
instrument in this study.

Lest Construction

Many steps are involved in constructing an evaluative
instrument. The purpose of this section is to discuss
some of those steps.

Although this section presents specific ideas involved
in test construction that are frequently mentioned in the
literature, the plan for test consiruction should also
involve some practical steps. For example, a part of the
initial process of test construction is administering
rough drafts of the test to a few persons for the

purpose of discovering possible shortcomings. Based

on this, revisions are made. Then the improved test
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is administered to larger groups for such purposes as

validity and reliability checks.

Van Dalen (1979, p. 151) mentions some of the tasls
that are required for constructing an instrument. Iden-
tifying the population of concern, defining the precise
property that is to be measured, analyzing factors that
make up the property, constructing items corresponding to
each of these factors, and developing a good format are
some of the tasks he lists in the initial stages of test
construction.

Van Dalen's approach is consistent with the method-
ology employed by Krathwohl and Payne (1970) for test
construction. They insist that goals, in terms of
expected student behaviors, should be formulated during
the early stages of test development, and these goals
should be used as guides to the total process of instru-
ment construction (pp. 20-21). They suggest that different
levels of specificity of these expected student behaviors,
which they call "behavioral objectives," are important
and useful., Statements of specific behaviors that
describe performance capabilities for students success-
fully completing an instructional unit need not be as
specific and detailed as objectives from which test items
are to be created and/or chosen (p. 21). For example,

a globally described objective might be, "the student can

classify instances and noninstances of a concept for
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familiar examples." With respect to limits, an objec-
tive might be to have the student jdentify instances and
noninstances related to sequences. In this regard, the
student would identify those sequences which have limits,
as well as those which do not. Specifically, the objective
would include information related to observable student
performance, prevalent conditions, and acceptable level
of performance. Perhaps in more understandable terms a
useful behavioral objective addresses the characteristics
jdentified above as the student:

1) does what

2) with what
and 3) how well.

Once the preliminary test form has been administered
to a sample of subjects, many more steps are required.
The data are subjected to statistical techniques which
jidentify weak items (Van Dalen, 1979, P. 151). Initial
validity and reliability data are also obtained from this
preliminary draft of the test. Other additional steps
that might be required at this stage of development
include revising directions that were not clear, stand-
ardizing scoring procedures where judgments of graders
differed, and improving the test format. The revised
test can then be administered to another sample.

Evaluation of instrument validity, reliability,

guitability, and objectivity are essential aspects of
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test construction. The validation process depends upon
the use of the test. For an instrument such as the one
being developed in this study, content and construct
validity are of prime importance (Cronbach, 1971, p.
463). Content validity deals with the adequacy with
which a specified domain of content is sampled (Nunnally,
1978, p. 91). Construct validity is a property that is
hypothesized to explain some aspect of human behavior
(Van Dalen, 1979, p. 137)--in the case of this study
"understanding the concept of the limit of a sequence."

To maximize the content validity of a test, a repre-
sentative collection of items must be included and
"sensible"” methods of test construction must be used
(Nunnally, 1978, p. 92). The use of qualified judges is
a common practice for obtaining general approval and
suggestions for revisions (APA, 1974, p. 45; Nunnally,
1978, p. 259; Cronbach, 1971, p. 446; and Van Dalen, 1979,
p. 136). Cronbach explicitly states that one method of
improving content validity is to translate educational
objectives iﬁto item specifications (p. 458). Begle and
Wilson (1970) encourage the use of a model in preparing
measuring instruments (p. 403), and discuss improved
content coverage when cognitive levels are a dimension
of that model (p. 372). Perhaps it was best presented
by Nunnally (1978), who said
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Inevitably content validity rests mainly on

appeals to reason regarding the adequacy with

which important content has been sampled and

on the adequacy with which the content has

been cast in the form of test items (p. 93).
Content validity is also supportive of construct validity
in that it provides circumstantial evidence to construct
validity (Nunnally, 1978, p. 110).

A question useful in determining construct validity
is: "Does the test measure the attribute it is said to
measure?" (Cronbach, 1971, p. 446). One way to obtain
evidence of this is to compare scores on an instrument
with measures of behavior in certain other situations (p.
Lué). If such a test is available, the useful procedure
would be to compare the scores on the newly constructed
instrument with the scores on the test that already exists.
The basic idea is to use circumstantial evidence to vali-
date the test (Nunnally, 1978, p. 109). Evidence of
construct validity is based on an accumulation of research
results rather than on a single study (APA, 1974, p. 30;
Cronbach, 1971, p. 465; Nunnally, 1978, p. 99; Van Dalen,
1979, p. 138). Campbell (1960) discusses the matter more
fully:

No a priori defining criterion is available

as a perfect measure or defining operation
against which to check the fallible test.
Instead, the validation seeks out some inde-
pendent way of getting at "the same" trait.
Thus he may obtain specially designed ratings
for the purpose. This independent measure has

no status as the criterion for the trait, nor
is it given higher status for validity than is

......

.
) AP T P P T eyt - B o R e et i e elm e .
RO, DN R AN e N T NN e N e et e e e o

'. .‘_'.' I Y .
e P A S P P T 5 T S R S UAr L R




M S B B M T B S A D L R I R 4

RS A A NA YA e W S it Bl g g A AX AA AN AT S o

22

the test. Both are regarded as fallible

measures, often with known imperfections,

such as halo effects for the ratings and

response sets for the test (pp. 547-548).
So, although the imperfections of the different measures
are admitted, comparisons can still be made. Regarding
any such comparisons, Cronbach (1971) emphasizes that it
is the strength of the result that is of importance in
these studies, more than statistical significance (p.
465).

The reliability of an instrument must also be
evaluated. It is worth noting here that there is a
relationship between reliability and validity--"reliability
being a necessary but not sufficient condition for any
type of validity” (Nunnally, 1978, p. 237). So, if an
instrument is not reliable, then it is not valid.

Recall that reliability is concerned with the stabil-
ity of measurements over a variety of conditions
(Nunnally, 1978, p. 191). "Estimates of reliability
based on the average correlation among items within a
test are said to concern the 'internal consistency'"
(Nunnally, 1978, p. 229). Special formulas such as the

coefficient alpha are available for this and should be

used on every new instrument.
The measurement error which reduces reliability can
be minimized by including specific steps in test con-

,.’ struction. Writing items clearly, making directions
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specific and easily understood, and adhering to the
prescribed conditions for test administration are a few
such actions (Nunnally, 1978, p. 242). Also, using item
analyses information is helpful for constructing a relia-
ble test. One interesting correlation that is frequently
used in an item analysis is the corrected item-total
correlation. A corrected item-total correlation is a
correlation of performance on an item with the total
test score with that item removed. Low correlations
here serve as a flag for identifying weak items. The
use of corrected item-total correlations in test con-
struction is one of the best ways of insuring that the
resulting test is reliable (Nunnally, 1978, pp. 279-
287).

Modern day computers are helpful in obtaining these

correlations. The Statistical Package for the Social

Sciences (SPSS) includes software that provides such
information as coefficient alpha, inter-item correlations,
corrected item-total correlations, and item frequencies.
This package has been a real asset to test constructors.
One comment that warrants mentioning concerns the
suitability of the test. Although the format, directions,
length, etc., are important when considering suitability
a more practical question arises. What good is a single
test that will measure the understanding of the concept

of the limit of a sequence? It could only be administered
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infrequently so that academic security would not be sacri-
ficed. So, to this test developer, suitability requires
a set of item specifications that would lead to an
equivalent alternate form of the test. Tihe specifica-
tions, contained in Appendix A, should prove useful in
the construction of just such an alternate form.

To insure that the test was objective, only items
which are dichotomously scored were used. That is, eacn
item was judged to be either right or wrong--no partial
credit. This contributes positively to higher test
reliability by eliminating any possible fluctuations
and/or disagreements in grading. It also results in
greater ease of scoring. Furthermore, subject matter can
be more widely sampled when an objective test is given
(Nunnally, 1978, p. 260).

In summary, the careful construction of a useful
evaluative instrument involves many steps. During the
initial stages the attribute to be measured must be
operationally defined. From this, specific test items
eventually evolve. The rough draft of the test should
be administered to small groups to detect weaknesses of
the instrument. A revision addresses such weaknesses.
Larger samples of people are used on the revised instru-
ment and statistical techniques are employed to spot poor
items. Validation and reliability data are alsc obtained

from these larger groups.
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CHAPTER II
METHODS

Procedures Used

The procedures used in this study were designed to

fulfill the purposes that were stated at the beginning
of this report (p. 2). That is, these methods were
designed'to:

1. establish a definition of "understanding limits
of sequences" by identifying the main features
of this concept and gaining a consensus from a
group of well-qualified professionals.

2. actually construct an instrument which measured
the understanding as developed in part 1.

3. identify certain subskills for understanding
limits of sequences and investigate the rela-
tionships of these subskills with understanding :
limits. ‘

Understanding of Limits i

Some observations that came from reviewing the

literature were that:
A. There were no attempts to couch a definition of
understanding limits as is found for under-

standing some other concepts.
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B. There were no attempts to specify observable
behaviors that would provide evidence of such
understanding.

C. There is a lack of reported criteria to which the
limits tests were subjected in determining the
validity of the limits tests.

Since no definition for "understanding limits of
sequences" was found, and since no attempts at specifying
observable behaviors were noted, this became one of the
ma jor purposes for this study. Because the use of
observable behaviors is widely accepted, it was felt
beneficial to couch the definition of "understanding limits
of sequences" in tgrms of behavioral objectives. Contri-
butions to this definition came from many sources. First,
a model was developed and modified by combining the experi-
ences of this researcher with the ideas presented in many
models found in the literature. The personal experiences
of this researcher in teaching limits of sequences had been
enhanced by a case study of a high school student studying
this topic. In documenting over ten hours of one-on-one
study sessions, this researcher could more easily focus on
those behaviors which were pertinent to learning limits.
Also considered in formulating the objectives were ideas

from various textbooks covering the topic of limits,

observations of student performance in a class that was -
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familiar with limits. The next step in accomplishing phase
one of the study was to present the limits objectives to a
paﬁel of experts for an evaluation of comprehensiveness
and communicability. Since literature concerning other
limits tests did not provide evidence that detailed evalua-
tions of the tests were being conducted, this study tried to
avoid that. The materials evaluated by the panel of
experts are found in Appendix B.

It has already been mentioned that the use of quali-
fied judges is a common practice helpful in maximizing
validity (p. 20). This researcher was fortunate to be
able to benefit from the guidance provided by several
experts in the mathematics and mathematics education disci-
plines. These experts were key figures for helping to
develop a definition of understanding using behavibral
objectives. Dr. Lawrence A. Couvillon, The Florida State
University, provided invaluable assistance to this
researcher in formulating the objectives which comprise
the meaning of this understanding. The panel of experts
then evaluated zach objective to determine if it was
appropriate for understanding limits of sequences. For
example, one behavioral objective presented to the judges
was:

The student can determine the limit of certain

convergent sequences by using only inspection.

Judges were presented with the statement,
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this objective is appropriate for understanding
limits of sequences at the identification level,
to which each judge responded to one of five choices

corresponding to

1.
2.
3.
4,
5.

Judges responding "strongly disagree" or "disagree" were
asked to express their opinions why the objective was not
appropriate for this level of understanding.

Accompanying this objective was one of the following
item specifications:

(General The student can specify the limit of a

Description) bounded monotonic sequence-

(Stimulus 1. The stimulus will be: "In the blank

attributes, provided, write the limit(s) of each

28

Strongly disagree
Disagree

No opinion

Agree

Strongly agree.

sequence that appears below. If the
particular sequence does not have a
limit, write DNE. (an represents
the value of the nth term of a
sequence, where n stands for a

natural numrer). This statement

will appear before a block of items

(i.e., not repeated above each item).




M - 0 O CAa
P A it et e R A Btk B a R R A -A A8 S RN A A e A e BTN A e IO IO RO A

0
R
L . th
. 2. The general expression for the n
p .Q-

ji term of a sequence which converges
'3 Jat

<.

e to a non-zero number will be given.
o 3. The expression will be written as:
\‘}

N a = .

N

DY (Response A blank line will follow the example.
P attribute)
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=Y (Sample item) In the blank provided, write the limit(s)
’\
':: of each sequence that appears below. IT
:}j the particular sequence does not have
tg a limit write DNE. (an represents the
- value of the nth term of a sequence,
\\‘ where n stands for a natural number).
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- n
4 ‘(
e
;tf . Panel members were asked to react to three more statements:

”

.\,

MY 1. The item specifications would be clearly understood
<K by an item writer.
};i 2. The item specifications are appropriate for this
o objective.

), Sl
.!9 3. The sample item is consistent with the item
IE: specifications.
S
,gf The panel used the same five ratings as previously mentioned
.‘ to indicate their level of agreement with each of the three
.22
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statements. In addition to the fixed responses to which
the panel could respond, the panel members were encouraged
to write any comments about any of the material in the
package they received. (See Appendix B.) Members of the
panel were Drs. Janice L. Flake, Dwight B. Goodner, Wolfgang
H. Heil, Robert Kalin, and Dewitt L. Sumners, of The Florida
State University and Dr. Paul J. Fairbanks of the United
States Air Force Academy. Use of the term "panel" is
reserved for these six experts throughout the remainder of
this written report. The verbal communication with the
individuals on the panel was also beneficial to the accom-
plishment of the first task.
Constructing the Instrument

Some problems that have been observed with instruments

that were designed to measure understanding of limits were:

A. There was subjective grading on some of the tests.

B. One test was not suitable if it was to be given to
many students because it took a long time to
administer.

C. Some tests did not appear to be valid, and may
have been measuring other achievement such as
mastery of algebraic skills.

D. Some tests did not report gocd reliabilities.

In order to address the second aspect of this study,

a specific plan of test construction was followed. For

purposes of objectivity it was decided to use only those
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items which could be dichotomously scored. This provided

for consistency in scoring, because it eliminated all
subjective decisions. For purposes of suitability, it

was decided that the instrument be a paper-and-pencil test
which could be completed in one class period. Since most
class periods are at least 50 minutes long, and since it
usually takes about a minute to pass out and collect tests,
the test duration was designated as 48 minutes.

Item specifications, including sample items, were
written for each item.

It is a very involved process to consider many
individuals' responses to items and their remarks con-
cerning the instrument. However, efforts spent on this
aspect of the study seemed to alleviate problems later.
For example, initially many students were writing "=" in
the blanis that were provided when the directions were
stated to write "NONE" in those blanks for the examples for
which the 1limit did not exist. A change in the test
directions was helpful in alleviating this problem.
Another thing that was checked was whether each distractor
of a multiple choice item wars :2lected by someone who took
the preliminary tests.

Thus, based upon preliminary administrations of early
versions of the test, revisions were made to improve the
directions and items included in the test. Also, remarks

from the members of the panel contributed to revisions of
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the test.

Two types of validity, content and construct, were
addressed in association with the development Qf this
instrument. The content validity of the instrument
was insured by having the panel members evaluate the
objectives and specifications for the test. The experts'
evaluations were also helpful in establishing the
construct validity of the test.

However, since empirical evidence is the key by which
to assess construct validity, the following research hypo-
theses were addressed

RH 2A: Teacher's rankings of high school students'

understanding of limits of sequences will
be positively correlated with the rankings
obtained from the measurements of the
instrument designed in this study.

RH2B: Student scores on part one of Macey's (1970)

test will be positively correlated with student

scores on the instrument constructed in this
study.
RH 2C: Student scores obtained on Coon's (1972)
instrument will be positively correlated with
student scores on the intuitive subtest of

the instrument constructed in this study.

The reader is reminded of the discussion by Campbell (1360)

that acknowledges that although there is no perfect measure
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against which to compare the newly constructed instrument,
specially designed ratings for the purpose should be
obtained (pp. S47-543). 1In other words, this researcher
admits that each of the measures just mentioned in the
research hypotheses is fallible, however, each measure is
aimed toward "getting at" the understanding of limits of
sequences.

It would also be logical for students who have studied
this topic in greater depth (e.g., students having taken
real analysis, advanced calculus, and other advanced mathe-
matics coursss which include a rigorous study of limits of
sequences) to do well on any valid instrument designed to
measure the understanding of the concept of the limit of a
sequence. With this in mind, the scores of such students
on this limits of sequences test will be reported.

Prerequisite Skills

The computer searcin for literature yielded no informa-
tion on subskills related to the understanding of limits of

sequences. Thus, the need for discovering these skills

;?k surfaced.

The investigation of specific subskills which might be

i;: related to the understanding of limits began by identifying
You

?ij a variety of topics considered prerequisite for this under-
E;S standing. The selection of these skills was made in several
e .

N ways. First, the original panel of experts provided some
@

T~ unsolicited remarks which turned out to be very helpful in
:::-::
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jdentifying prerequisite skills. Secondly, certain skills
automatically seemed to be required when working with limits
of sequences. A third source for determining prerequisite
skills for this topic came from personal or postal corre-
spondence with nationally recognized experts who have
specifically worked with limits of sequences, either as
teachers of the topic or as authors of books which include
the study of limits. Most ¢f these experts also offered
specific suggestions which were useful in revising the
directions and items that were designed to test under-
standing of these prerequisites.

It might interest the reader that the nationally known
experts came from various parts of the country. This was
intentional. The determination of prerequisite skills
should not be dependent upon the philosophy or methodology
that may be associated with a particular region.

The individuals listed in Table 1 provided their
expertise in this research.

It was very fortunate to have such highly qualified
professionals participating in this study. 1In fact,
extensive comments were received by two of the most prolific
writers on the topic of limits--Dr. Wilson M. Zaring and
Dr. E. J. McShane. Professor Zaring has directed many
National Science Foundation Institutes in mathematics and

is currently the Director of Graduate Studies at the

University of Illinois at Urbana-Champaign. Professor
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j‘ E. J. McShane has served as head of the mathematics depart- 1
i: ment at the University of Virginia and as president of the i
EL Mathematical Association of America. Professor McShane is 1
ii well known for his work on limits. !
,

Dr. A. E. Meder not only responded to a letter this
researcher sent to him, but commented in great detail on i
more than one occasion. Dr. Meder was the executive direc-
tor of the Commission on Mathematics of the College Entrance
Examination Board for three yeafs. Noteworthy is the fact )
that his directorship occurred during the extensive effort [
at reform of the school mathematics curriculum, immediately
following "Sputnik."

It was also good fortune that several textbook authors
participated in this study. Authors Robert G. Bartle,
Marvin L. Bittinger, and Lexton Buchanan corresponded with

this researcher about this study. Their books cover limits

T desmm S 4 &

and have been used at Florida State University.

For the benefit of the reader, relevant correspondence
that was received from these experts is included in Appendix
C. For example, George Polya wrote a thoughtful and charm-

ing letter declining my request, for health reasons. Such

A e A sy s mn e

letters were not included. It was not the intention of

this researcher to quantify the responses received, but to
react to the comments on a case-by-case basis. This was :
closely monitored by Dr. Herbert Wills of The Florida State
University. As mentioned previously, the efforts of these

reviewers was certainly beneficial to this research. In
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addition to the above, Drs. Goodner, Heil, and Whitman
were interviewed by this researcher. They evaluated
whether specific items designed to test understanding of
the prerequisite skills did, in fact, test what was
claimed to be tested.

Even though the correspondence was treated on a
case-by-case basis, this researcher would like to share
some of her impressions of the correspondence she received
with the reader. Experts were overwhelmingly in support
of including the topics of absolute value (as it is
related to distance, inequalities, and segments or
intervals), sequences, and algebraic generalizations
as prerequisite for understanding limits of sequences.
Experts were'also clearly in favor ¢f students under-
standing counterexamples before they begin to study
limits of sequences.

The majority of responses considered conditional
sentences, quantified statements, and denials to be
important for the understanding of limits. Dr. Bartle
may have expressed some of the concerns of the others
when he wrote "nothing too fancy" for these topics. If
one looks at the items used to test the understanding
of these topics, it is evident that the understanding
was tested at a very basic level. Many experts, in
commenting directly about the items covering conditional

sentences, quantified statements, and denials, indicated
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that they were good items. This would appear to be
reasonable because the conditional sentences very closely
regembled the sentences used in the widely accepted defini-
tion of limits. Dr. Hassett's comment about these topics
deserves mention here. It was ﬁis view that these topics
are necessary only for the formal definition and that

many bright students can find limits, produce examples,

and develop a good feel for limits without those skills.
Since this study included the formal level of understanding
of limits, Dr. Hassett's responses were viewed as "votes"
for these topics being prerequisite skills.

Dr. Hassett was joined by Dr. Bittinger and Dr.
Sentilles in wanting to specify which topics were
important for which level of understanding of limits
of sequences. Dr. Bittinger used the example that
absolute value would be irrelevant to the understanding
of limits of sequences on the intuitive level, but would
be essential to understanding limits of sequences on the
formal level. Actually, this researcher felt that the
reactions of Dr. Bittinger, Dr. Hassett, and Dr.
Sentilles were votes of confidence for establishing
cognitive levels of understanding as had been done
earlier in this study.

The issue of how much formal logic is necessary was

addressed by Dr. McShane. His concern rested mainly on
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the symbolic notation employed for the algebraic
generalizations test. He said that "except for the
symbolic quantifiers,” the items in the prerequisite
skills tests "should be answerable by any one studying
sequences." (From this researcher's experience, the
use of such symbolism as "Vx" can be quickly and easily
taught to precollege students, and, in fact, should be
taught.) Dr. McShane specifically mentioned “"examples
such as 'For each real number x, there exists some
real number y such that x + y = X.' are easily
intelligible.”

Some isolated comments were also helpful in
revising items testing the understanding of certain
topics. For example, Dr. Heil suggested that some items
on the absolute value/distance/inequalities/segments or .
intervals test could be correctly answered without
really understanding the ideas involved. The items
were revised accordingly. Dr; Sentilles and Dr. Woodby

suggested using different directions on the test covering

“ conditional sentences. The directions were improved

using their suggestions. The domain was not specified
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for the algebraic generalizations items, as Dr. McShane
:#? noted in his letter. The set of real numbers was
ﬁ?; declared to be the domain in the revised test. There
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were also numerous instances where "good" was written by
the reviewer in the margin beside a specific item or at
the top of a page. All of these remarks were helpful for
the final versions of the prerequisite tests.

The items used to test these prerequisites are found
in Appendix D. The length and format were conducive to
grouping the items into seven subtests. The topics
were: 1) conditional sentences, 2) denials, 3) absolute
value/distance/inqualities/segments or intervals,

4) sequences, 5) quantification, 6) general algebraic
knowledge, and 7) counterexamples. At the encouragement
of Dr. Goodner and Dr. Whitman, the last group of items
was expanded to the set of items found in the appendix.

Furthermore, a practical consideration, namely time
required to complete the tests, entered into combining
topics into three individual instruments. This was done
so that students could complete one instrument in one
class period. The final three tests were those involving:

A. conditional sentences

B. denials and absolute value,
distance, inequalities,

segments or intervals

C. sequences, quantification,

general algebraic knowledge,

and counterexamples.

L2 2l a2 00~
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This arrangement was based upon the time reguired to finish
each set of items. Several persons took the subtests for
time, as well as for other helpful suggestions, and the
arrangement of the subtests was intended for an administra-
tion time of less than fifty minutes--one class period.
For administrations of items covering more than one topic,
the order of subtests ﬁas rearranged for different students
so that practice effects would not confound the results.
This researcher sought to address the third task of
the study by finding correlations between the scores on the
subtests with scores received by the same students on the
limits of sequences test. To put this in a practical vein,
it may turn out, for example, that students' "understanding
of limits" scores do not have a high correlation with
students' "counterexamples" scores. It would appear that
students scoring high on "understanding limits" and low on
a tested prerequisite skill would be evidence that that
specific tested skill was, in fact, not a prerequisite. On
the other hand, a high correlation between the "limits"
scores and the scores for a particular suspected prerequisite
skill would indicate that a linear relationship between the
understanding of limits and the understanding of that tested
skill does, in fact, exist. Granted, high correlations do
not imply that causal relationships are present, but couple

a high correlation with the opinions of persons with expertise

in teaching limits of sequences, and a strong case can be made
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for declaring understanding of a topic as prerequisite for
understanding limits of sequences. Chapter IV contains a
more detailed discussion of performance on the subskills
tests and the limits tests. Further research would be
suggested to insure that a prerequisite relationship was

truly the case.

Subjects

The subjects who were tested during various phases of
the construction of the instrument measuring understanding

of the limit concept were all persons who had been exposed

to a unit covering the topic. Students from the following
schools participated:

h The Florida State University

f;: The FSU Developmental Research School

- Tallahassee's Godby High School

Tallahassee's Lincoln High School

Tallahassee Community College

The United States Air Force Academy.

The initial version of the instrument designed to
measure the understanding of the limit concept was
administered to 23 subjects. The educational backgrounds
of these 23 people included high school, college, and
graduate level schooling. Mathematics education, mathe-
matics, meteorology, computer science, physics, and
engineering were the majors of the college subjects.

The responses of one of the public high school students
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were omitted since the student only attempted one item on
the entire test.

A preliminary limits test, which included a revision
of the initial items and directions that had been given |
to the earlier groups was then administered to 56 subjects. 1
There were 53 high school students. Forty-six of these }
were attending public schools. Three college graduates
with degrees in mathematics education, computer science,
or engineering were among the 56 test takers.

The final version of the test measuring understanding
of the limit concept was administered to 263 subjects.
Those tested had a broad range of educational backgrounds. ;
This was intentional. The study was concerned with under-
standing limits of sequences. It was not restricted to
that understanding for a certain subgroup of persons who J

had studied limits, say Florida high school higher mathe-

matics students. Thus, it was desirable to include

persons with varied backgrounds. For statistical

P

pursuits randomization of subjects is desirable. However,
it was not feasible to attain a random sample of persons

throughout the world who have studied limits of sequences.

- aa o .

The subjects participating in this study certainly seemed

representative of the population of concern. A dis-
cussion of this fact appears in the last chapter. High

school students numbered 45; junior college and college

students, 208; and those who had received college degrees

I R
______________________
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or had studied beyond college totalled 10. The academic
majors of the latter group were mathematics education,
mathematics, and computer science.

Seventy-seven new subjects participated in the phase
of the study that was geared toward investigating pre-
requisite skills. Data from two of these subjects were
discounted because it was apparent that these two persons
were unable to fully participate in this research as it
was designed. These subjects were Florida and Georgia
high school students. Subjects were first administered
the limits of sequences instrument designed in this study.
At a later date, each subject took at least one of the
instruments measuring understanding of a suspected pre-
requisite skill. The numbers of pairs of scores obtained
for the limits of sequences test and for each prerequisite
test were as follows: conditional sentences, 59; denials,
58; absolute/distance/inequalities/segments or intervals,
55; sequences, 56; quantification, 56; general algebraic

knowledge, 47; and counterexamples, 58. Although the sub-

N skills involving sequences, quantification, general alge-
- braic knowledge, and counterexamples were administered at
;ﬁ the same time, subjects receiving these tests do not all
Eg have recorded scores for these four subskills. One reason
E; for this was that some students did not know what the symbol
ﬁ;f "y” meant (as reported to this researcher by one classroom
;g teacher administering the tests). Consequently, they
.
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skipped the general algebraic knowledge instrument. The
second reason for the omission of some of the four sub-
skills scores was because these tests were left blank (or
virtually so). Three persons appeared to run out of time
on their last subskills test. One other student only
completed the counterexamples instrument in this battery,
and this researcher suspects that the time element problem
may have arisen because this student devoted too much
energy toward counterexamples (as evidenced by a fine 58
correctly answered items out of a possible 64, i.e., 91%).
Similarly, there were a few subjects who appeared not to
have time to complete both of the instruments measuring
understanding of denials and absolute value/distance/
inequalities/segments or intervals. Three subjects appeared
to experience time shortages. |

Methods of Gathering Data

In the spring of 1981 each member of the panel of
experts was given a listing of objectives and corresponding
item specifications for understanding the concept of the
limit of sequence. Appendix B contains a copy of the
materials that were given to each panel member. As
previously mentioned, the individuals provided their
opinions concerning specific questions about the objec-

tives and item specifications by checking one of the

following responses: strongly agree, agree, no opinion,

disagree, or strongly disagree. If an expert marked
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disagree or strongly disagree, that individual was also
asked to write comments regarding this response. Comments
were also encouraged regardless of the response checked,
and such comments were freely given. In addition to the
written responses gathered using the materials in Appendix
B, panel members were also very helpful in providing
assistance as the need arose. For example, the final
version of the test contained directions which dictated
that the testee write "NONE" in the blank provided for

any example of a sequence which had no finite limit.

These directions evolved from the early administrations

in which the directions were to indicate for specific
examples that the limit did not exist. Panel members were
helpful in insuring that wording was correct.

The initial version of the limits test was admin-
istered to.23 subjects in the spring of 1982. The test
was administered to small groups. The small group
settings allowed for subjects' comments concerning test
directions and duration as well as their responses to the
test items,

The information gathered from the panel of experts
and the results of small group testings was useful for

making revisions. A preliminary version of the test

instrument, reflecting these revisions, was now administered

to 56 subjects. The reliability estimate, alpha, was

approximately 0.87. The preliminary version contained

.....
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71 items. Frequency data and item-total correlations were
helpful tools for revising this version of the instrument.
The final version of the instrument, along with

specific research questions was administered to 263
subjects from May through August, 1982. The test appears
in Appendix E, and the results of this administration are
discussed in the nexf chapter.

Other information was collected for purposes of
investigating tasks two and three of this study. To
investigate the second area concerning the instrument
measuring understanding of the limit of a sequence, three
types of data were also collected:

a. teacher rankings of students' understanding of

the limit of a sequence.

b. s8subjects' performance on an already existing

test (Macey, 1970) covering limits of sequences.

c. 8ubjects' performance on an already existing

instrument (Coon, 1972) designed to measure

intuitive understanding of the limit concept.
The teacher who provided the rankings was the teacher for
a group of high school students who took this researcher's
limits of sequences test. The teacher's own opinion of
what it means to understand the limit of a sequence was
used to rank the students. The data in b. and c. were
obtained from subjects who had already taken the limits

test designed in this study. The test in b. was a
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paper-and-pencil test, while the data in c¢. were collected

L%. by interviewing each subject individually. In order to

minimize differences introduced by using different inter-

viewers, this researcher conducted all of these interviews.

The data in a., b., and c¢. were used to obtain measures of

association with the limits test constructed in this study.

The results are discussed in the next chapter.

Q{; To investigate part three of the study, involving pre-

N requisite skills for understanding the limit concept,
correlational data were used. Seven sets of data, con-

e taining a limits of sequences score paired with a particular

o subskills score, were used to find measures of association
between each of the suspected prerequisites and limits.

fﬁ; Seven confidence intervals were computed and scattergrams

13{ Plotted to study the existence of any relationships of

- these subskills with understanding limits.

Description of Data-gathering Instruments Used

e Appendix B contains the materials that were completed

by the panel of experts. The opinions and comments voiced

e by the experts were used to perfect the objectives and

AR

-.. l"

specifications that had been established.
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Other tools of data collection were: 1) the instru-

Y

24:

ment constructed in this study, 2) teacher rankings, 3) part

4

4

R

one of a limits of sequences test by Macey (1970), &) a

test measuring the intuitive understanding of limits by
Coon (1972), and 5) a test of specific subskills that were
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investigated for this study.

The instrument designed in this study is the subject
of this entire report. This instrument appears in Appen-
dix E.

The rankings of student understanding of the limit of
a sequence were provided by an instructor who had just
completed teaching that topic. The students, whose under-
standing was being ranked, were members of an advanced
high school mathematics class taught by that teacher. The
tasis for making the rankings was the teacher's own
opinion of what it means to understand the limit of a
sequence. Rankings were made prior to any instruments
involved in this study being administered to those students.

Data were obtained from an already existing paper-and-
pencil limits of sequences instrument constructed by
Macey (1970). Fourteen objective questions (from part
one of Macey's test) were administered to a subset of the
population taking the instrument designed for this study.
Items were dichotomously scored and total scores were
obtained by summing the number of correct responseshfor
ach sutject. Subjects spent no more than 15 minutes
answering all of the items. Although the data were
collected as a measure of association with the instrument
designed in this study, the following information was

obtained during the administration of Macey's fourteen

itemst reliatility, alpha = 0.667; mean, 9.12 (65.1%);
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and standard deviation, 2.58 (18.4%).

Interviews were conducted by this researcher using an
instrument measuring the intuitive understanding of limits
(Coon, 1972). The interviewers were persons who had
already taken the test designed in this study. Six
situations were presented to each subject and their
responses to questions involving limits were scored using
a five-point scale: clear evidence of understanding,
some evidence of understanding, evidence lacking, uncertain
evidence of understanding, and clear evidence of not under-
standing. A discussion and examples of the scoring of
responses is provided by Coon (pp. 40-55). Numerical
scores were assigned to each situation and those scores
were summed to obtain a total score. The highest attain-
able score was 21.0. The interviews lasted approximately
30 minutes and were tape-recorded. The mean and standard
deviation for the scores obtained by these subjects were
15.55 (74.0%) and 2.23 (10.6%) respectively.

Finally, a set of data was collected for the purpose
of investigating the subskills that might have been
required for understanding the limit of a sequence.
Appendix D contains the tests that were used for this
purpose. Although the focus of attention is not intended
to be these prerequisite tests, a few remarks concerning

each of these instruments would be helpful here.
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There are 58 choices to be made for the conditional
sentences instrument. The determination of whether a
partidular numeral, when placed in each occurrence of a
"box," makes a resulting statement true, is the decision
that the testee must make. The boxes appear in the ante-
cedent and/or consequent for an assortment of "if, then”
statements.

On the denials test, the examinee had to determine
if a statement was a negation of a given statement.
Fourteen original statements appeared, some of which were
true and some of which were false. The student had to
decide if three related statements were, in fact, denials
of the original statement. The number of correct responses
possible for the denials instrument was 42,

The instrument used as a measure of understanding of
absolute value/distance/inequalities/segments or intervals
involved 14 items for which statements had to be converted
from one form to an equivalent statement in a different
form. This was to be accomplished by the student placing
the correct numeral(s) in the boxes and/or circles for
each item.

The test on sequences was aimed at being able to
determine a particular term of a given sequence. Four
different sequences were used with seven items directed

toward each of these sequences. (The reader should take

note that item "“b"” was scored as four responses and item
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"c" counted as one response.) For the sequences test, 28
was the highest attainable score.

There were 32 true/false items on the test covering
quantified statements. The intent of this instrument was
to discover whether students recognized the truth or
falsity of statements employing "for each” and "there
exists" phraseology.

Students determined whether items concerning real
numbers were true or false in the instrument designed
for general algebriac knowledge. Since textbooks differ
on whether zero is a natural number, two items (2e and
2f) were not scored. Hence, the total possible number of
correct responses was 24.

The instrument designed to measuré the ability to
recogniie counterexamples involved 16 different statements.
Examinees were to determine whether each of four numerals
was a counterexample. The counterexamples instrument,
therefore, contained a total of 64 responses.

The means, standard deviations, and reliabilities
of the administration of these prerequisite skills instru-
ments are presented in Table 2. Since the total correct
varies for each instrument the means and standard devia-
tions are presented as percentages of the total score for
that specific instrument. Reliability was determined
using coefficient alpha.
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'-P a°

L2"K]
::- Data from Prerequisite Instruments

o

— Standard

. Mean Deviation Coefficient
. Instrumert (percent) (percent) Alpha
<o

oy

%Y Conditional

- Sentences 67 9 0.71
Nt Derials 72 14 0.83
= Absolute Value/

. Distance/

o Inequalities/

\ Segments or Intervals 58 29 0.87
- Sequences 89 16 0.91
-

a Quantification 67 14 0.76
i General Algebraic

- Knowledge 76 13 0.67
iﬁ Cour.terexamples 83 14 0.92
ﬁ; Notice how well the students performed on the

gi? sequences and counterexamples. It was good to see that
i: 85 percent and 83 percent were the respective means for
e

33 these two tests.

&n

ﬂg However, the mean for the instrument aimed at under-
iﬁ standing absolute value/distance/inequalities/segments or

intervals was very poor. The average for this instrument

was only 58 percent. What could be the reason for such

low scores? Is the mathematical language awkward compared
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to what is used in "everyday" vocabulary? The results on
this test surprised this researcher, because she thought
the items were quite simple. Although this study concen-
trates on limits, the topics of absolute value, distance
inequalities, segments or intervals are such important
ones in mathematics, that this area needs to be researched.
High school higher 1e§e1 mathematics students should under-
stand these concepts. What will it take to make certain
they learn these?

The mean and standard deviation for the limits of
sequences instrument for the 75 new subjects used to
investigate subskills were 33.16 (62.6%) and 8.32 (15.7%)

respectively.
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CHAPTER III

RESULTS

The Limits of Sequences Instrument

The final version of the instrument measuring under-
standing of limits of sequences was administered to 263
subjects who had been exposed to this topic. The results
obtained for this 53 item test were reliability, alpha =
0.817; mean, 35.9 (67.7%); and standard deviation, 6.99
(13.25%).

The 53 items are listed in Table 3. Other pertinent
data are included in this table. The cognitive level
under which each item falls was determined in the initial
stages of this research to be intuitive, identification,
production, comprehension, or formal. The ease index is
the probability of correct responses for a given item.
The corrected item-total correlation is a measure of
association between the item score and the total score
with that item removed.

A discussion of these items is held in the next
chapter. Several items also appeared with the 53 items.
These were not included in the item analysis for the

instrument designed for this study, however, other

information was obtained from these items, and will be

55
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Tatle 3

Item Analysis

.........

Corrected
Item Cognitive Ease Item-Total
Number Level Index Correlations
1A Identification 0.81 0.28
1B Identification 0.80 0.31
1C Identification 0.81 0.41
iD Identification 0.61 0.40
1E Identification 0.63 0.31
1F Identification 0.64 0.35
1G Identification 0.82 0.38
1H Identification 0.34 0.36
11 Identification 0.74 0.20
2A Identification 0.38 0.36
2B Identification 0.88 0.39
2D Identification 0.76 0.37
= Identification 0.82 0.29
3A Intuitive 0.67 0.33
3B Intuitive 0.97 0.30
3C Formal 0.47 -0.02
3D Comprehension 0.76 0.35
3E Comprehension 0.67 0.35
3F Comprehension 0.54 0.29
3G Comprehension 0.78 0.37
3H Comprehension 0.51 0.17
31 Comprehension 0.54 0.2%
3J Comprehension 0.75 0.28
4Aa Intuitive 0.83 0.26
4Ab Intuitive 0.5¢ 0.37
LAc Intuitive 0.46 0.28
4Ad Intuitive 0.55 0.15
E;;f
i".v'
%
L
i e Z\!,_\_&‘_:{"___:‘ Dl N N e T e
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{i, Corrected
S Item Cognitive Ease Item~Total
e Number Level Index Correlations
o 4Ba Intuitive 0.79 0.32

E : 4Bb Intuitive 0.84 0.34
s 4Bc Intuitive 0.82 0.24
2 4Bd Intuitive 0.82 0.21
S LBe Intuitive 0.81 0. 4it
~ 4C1 Intitive 0.97 0.09
S he2 Intuitive 0.45 0.14
N 4Cl Intuitive 0.99 0.07
o 4C7 Intuitive 0.96 -0.02
e 4C19 Intuitive 0.88 0.00
e 5A Comprehension 0.33 0.23
fii 5B Comprehension 0.83 0.27
o 5C Comprehension 0.29 0.12
;5‘ 5D Comprehension 0.74 0.20

. ’ 5E Formal 0.51 .11
\ 5F Formal 0.70 0.35
ii 5G Formal 0.55 0.04
N 5I1 Formal 0.50 0.23
«J, 512 Formal 0.31 0.03
tﬁ 6A Production 0.55 0.40
ﬁf 6B Production 0.40 0.44
i 6C Production 0.18 0.46

; 60 Production 0.55 0.28
;f 6E Production 0.61 -0.02
éﬁ; 33 Production 0.51 0.06
jEj 6G Production 0.89 0.33
Eg discussed momentarily.
%S; It should also be noted that Item 5H is not included
Iﬁi in this instrument. As a result of students failing to
5
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correctly provide a definition of the limit of a sequence

in earlier stages of this research, a battery of items

were selected. They were directly aimed at understanding
the definition of the limit of a sequence, but unfortunately
an error occurred in 5H. Thus, it was omitted from any
analyses.

A quick look at the results by cognitive levels will
provide useful information. Table 4 includes the number
of items designed to test that level, the percentage of
those questions which were correctly answered, the correla-
tion of the score for that level with the overall test
score with those items removed, and the reliability

(coefficient alpha) for that level.

Table &4

Analysis of the Cognitive Levels

Correlation
with Total
Cognitive Number of Percentage with that
Level Items Correct Level Removed Reliability

Intuitive 16 95 0.52 0.60
Identification 13 73 0.47 0.77
Production 7 53 0.46 0.53
Comprehension 11 66 0.63 0.50
Formal 6 51 0.26 0.15

............
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The data obtained to test RH2A, that there is no
significant difference in teacher's rankings of high
school students' understanding of limits of sequences
and the rankings obtained from the measurements of the
instrument designed in this study, yielded a Spearman
Correlation Coefficient of 0.7759. The probability of
obtaining a correlation greater than 0.4959 is 0.01 for
23 pairs of ranked data (as computed using 0lds, 1938,
Table V, p. 148). The scattergram that was generated by
the data here was suggestive of the existence of a linear
relationship, as can be seen in Figure 1.

The data gathered to evaluate RH2B, that scores on
part one of Macey's (1570) test will be positively corre-
lated with scores on the limits test designed in this
stﬁdy. Yielded a Pearson Product Correlation Coefficient
of 0.590. Forty-thrée pairs of scores were used to
determine this coefficient. The 97.5% confidence interval
computed from this was (0.353 <o < 0.756) (Minium, 1978,
pp. 356-7). It was reasonable to accept the straight
line as the curve of best fit from viewing a scattergram
produced from the pairs of data collected here, Figure 2.

In order to investigate RH2C, that scores obtained on
Coon's (1972) instrument would be positively correlated
with student scores on the intuitive subtest of the instru-
ment developed in this study, 30 pairs of scores were

used to obtain a Pearson Product Correlation Coefficient
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of 0.307. The 97.5% confidence interval associated with
this has a lower 1limit of P = -0.592 and an upper limit
of 0.601 (as computed from Minium, E. W., 1978, pp. 356-
7). The presence of any particular relationship between
the variables was not apparent from a scattergram
produced using the pairs of data here, Figure 3.

Scores for students who had studied advanced math
courses such as real analysis and advanced calculus are
reported separately, as well as being included in the
overall item analysis. The scores for the seven
individuals who had studied limits in greater depth than
most were: 41, 42, 42, 45, 51, 51, and 52. i

Items Accompanying Limits Test

Twenty-seven items accompanied the 53 items that

R
ld

BERERAES
2 a5
PR ,

were specifically testing understanding of.limits of

e <2r.

|
'y I‘I
N

sequences. These 27 items were useful for checking

Cﬁ{ students' ideas about equality and notation. The item
3; numbers and the associated probability of correct

L

e " responses (ease index) appear in Table 5.

Here are a few interesting notes that concern these -

items.

1. Item 1J was intended to test whether students
could find the limit of a sequence whose terms
were constant. The intent of Item 2A was the
same. The difference in the items was in the

way the sequence was presented, i.e.,
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Table 5

Results for Items Accompanying
Limits of Sequences Items

Item Ease Item Ease
Number Index Number Index .

1J 0.90 4C17 0.89
2C 0.59 LCc18 0.88
4Cc3 0.33 4c20 0.50
Les 0.92 Lhec21 0.89
LCcé 0.92 4c22 0.40
4C8 0.95 hca3 0.88
kCo 0.42 hcay 0.94
L4cilo 0.42 4C25 0.90
4Cl1 0.96 Lc2é .95
4eiz 0.91 Lkca7 0.75
4C13 0.92 Lca2g 0.79
Lciy 0.51 Lc2g 0.95
4Cls 0.98 5J 0.75
Lcié 0.90

Item 1J: For each natural number n, each term
of the sequence is 19.

Item 2A:

-1%, -1%, -1%, . . . in which each term of the
sequence is -1%.

. Students had little difficulty with Item 1J as is

1
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evidenced by the 0.90 ease index. Basically,

the persons responded in the same manner in

which they answered Item 2A. A variation in

the wording of the two problems caused no
problems here.

Items 2C, 4C3, 4C5, 4CB-18 and 4C20-29 were
designed to investigate understanding cf equality.
Repeating decimals and equivalent expressions
were used to test this. Almost 60 percent of

the students were able to find the limit of the
sequence in Item 2C, but when they were asked this
question using a different format, i.e., Item

L4C2, less than 45 percent could correctly answer,
The same basic question, relating to 0.99%... =1,
reappears in Items 4C9, 4Cl4, and 4C22 with suc-
cess rates of 0.42, 0.51, and 0.40, respectively.
The people were relatively consistent in their
responses as indicated by obtained inter-item
correlations among each pair of these four items
being greater than 0.69. The same cannot be

said of Item 2C. Obtained inter-item ccrrela-
tions with each of the four previously mentioned
items were all less then 0.23. Just what is
€oing on in students' minds here? From the
frequency of responses on Item 4C3, it seems that

most students, approximately 67 percent, think
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that 0.999... is less than 1. Certainly,
more research would be welcome in this area.
The other questions pertaining to decimals were
answered quite satisfactorily with the excep-
tions of 4Cl0 and 4C7. Compare 4C1l0 and 4C7.

4bC7:  1/3 = 0.333...

kcio:  2(1/3) = 2(0.333...)
Both are true/false items. The ease index for
4C? was 0.96 while the ease index for 4Cl0 was
only 0.42. What could the students be thinking?
Could this involve test-taking strategies?
Would the order of these items have made a
difference? Perhaps the number of incorrect
responses to 4Cl0 is related to the fact that it
comes immediately after 4C9 which also had an
ease index of only 0.42. More research would ve
beneficial not only to the mathematics community,
but also to testing experts. Before ending the
observations concerning student responses to
decimals, let it be mentioned that it seems
disconcerting that less than 75 percent of the
students knew that 0.667 was not equal to 2/3.
Item 5J resulted because of difficulties this
test constructor experienced in trying to direct
students to state that the 1limit of a sequence

does not exist when the terms of the sequence
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are not pounded. Approximately 21 percent of
those questioned, stated that for the situation
for which A;g f(n) ==, the function f does have
a limit. Some students from preliminary work
had voiced the opinion that they had learned this
from presentations in textbooks and from
instructors. This researcher is not making a
Jjudgment concerning this matter, but merely
making an observation that persons teaching
limits should be aware of this when presenting
this topic.
Prereguisite Skills
Finally, results concerning the third area of the
study, i.e., possible relationships of certain subskills
with the understanding of limits of sequences, are reported.
Correlation coefficients obtained from the seven sets
of pairs of scores were used to compute confidence inter-
vals for the population correlations. Since subjects were
taking so many tests, adjustments were made to guard
against inflated correlations caused by multiple testings.
That is, using @ = 0.01 and performing the calculations
from Minium, E. W., 1978, pp. 356-7; the confidence
intervals for ¢ listed in Table 6 were obtained. These
interval estimates are measures of association of the
particular subskill with the understanding of limits of

gsequences.
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:\_: 5 Table 6
'."-:-.‘
S Interval Estimates of o
\‘:'\'
AN
*3 Correlation Lower Upper
. Coefficient Limit Limit
> —
- Conditional 0.39 0.07 0.54
. Sentences
venials 0.51 0.22 0.72
3
i;{ Absolute/Value/
s Distance a
e Inequalities/ 0.61 0.34 0.75
- Segments’ or Intervals
:t¢ Sequences 0.34 0.00 0.61
- Quantification 0.4k 0.12 0.52
:gﬁ General Algebraic
—s Knowledge 0.65 0.37 0.82
{
:}; Counterexamples 0.20 -0.14 0.50
\;z Scattergrams corresponding to the pairs of scores,
o i.e., particular subskill score and limits of sequences
\'\-‘
{EZ score, were also plotted (Figures 4 through 10 below).
.'.f.'
" The outlier that appears on the scattergram in Figure 10,
- (7.38), is interesting. This researcher believes that the
‘.~/-_
fui- student who only answered 7 out of 64 correctly on the
'fﬂ counterexamples instrument was, in fact, determining
,g which numerals "worked"” for each example!
o
-::_
o
i
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LIMITS OF SEQUENCES SCORES
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Figure 4. Scattergram of scores on conditionals vs.
limits of sequences
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LIMITS OF SEQUENCES SCORES
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o) 10 20 30 40 42
DENIALS SCORES

Figure 5. Scattergram of scores on denials vs.
limits of sequences
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CHAPTER IV

DISCUSSION

Limits of Sequences Instrument

The methods used to develop the objectives for under-
standing the limit of a sequence and the instrument
designed to measure this understanding were sound. Certain
information that was gathered during the administration of
the final version of this instrument is supportive of the
instrument's validity and reliability being good. Other
information gleaned from the data provides positive
guidance for further perfecting this instrument.

The reliability, as computed by coefficient alpha =
0.817, is certainly acceptable and would undoubtedly be
increased with a few changes to the instrument. The
possibilities for changes will be discussed momentarily.

The validity is confirmed by the use of competent
judges in determining content, and by administering pre-
liminary versions of the instruments and revising the
instrument according to the problems that arose. More
concrete evidence of the validity is obvious when the

instrument is associated with other methods of deter-

mining the understanding of the limit of a sequence.
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(ik_ When the results of the administration of this test
EE; to 23 high school students were paired with their teacher's
:ﬁf independent rankings of these student's understanding of
‘i{ limits, the degree of association was very high. Their
:$S teacher's opinion was very consistent with the order
é&ﬁ established by the scores on the limits instrument, as
fﬁ: evidenced by an obtained Spearman Correlation Coefficient
e of 0.7759.
;.ES Scores received on part one of Macey's already
L existing instrument designed to test understanding of this
3;5 same topic also lerd support to the claim that the instru-
iﬁg ment developed in this study is valid. The true correla-
_f}i tion for 43 pairs of scores on these two limits tests
234 was found to be between 0.353 and 0.756. The strength of
?ii the association between these two instruments is reflective
i;i of the intent of each instrument to measure the same
:i_ thing.
gf The scores on this researcher's limits test that were
3?; reported for individuals who had studied more advanced
_!; mathematics courses lend credibility to the claim of this
i&; instrument's validity. Although it was not possible to
'Efl obtain enough subjects to apply inferential statistics to
'gg the data, the scores are descriptive. Each of these
ﬁ% persons scored considerably higher than the mean for this
:;E test. The scores ranged from approximately three-fourths
ié: of a standard deviation above the mean to more than two

. Toat a T n A, TaT e -
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standard deviations above the mean. It seems quite logical
that the performance of this select group would be high on
any valid instrument measuring understanding of limits.

It is not so clear what the results of the correla-
tion obtained from 30 scores obtained on Coon's instru-
ment paired with scores obtained on the intuitive subtest
of this researcher's‘instrument mean. The 97.5% confi-
dence interval, (-0.592 < ¢ < 0.601), does not permit the
conclusion that the two instruments are truly positively
correlated--nor does it rule out that possibility. The
use of more subjects would have increased the power of the
statistical test corresronding to this interval, and the
results would have been more conclusive. The fact that
the strength of this association is not strong, may boil
down to the intent underlying Coon's instrument compared
to this researcher's intuitive subtest. Tasks in Coon's
instrument "were not designed to measure knowledge gained
in formal course work in mathematics but instead were
intended to measure intuitive mathematical knowledge
€ained 'just by being alive in today's society'" (Coon,
1972, pp. 38-9). The intuitive cognitive level described
by this researcher undoubtedly encompasses more complex
situations. For example, one would probably not consider
understanding of repeating decimals as "intuitive mathe-

matical knowledge gained 'just by being alive in today's

society.'"
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The reliabilities reported for each of the subtests
(see Table 3: Analysis of Cognitive Levels) give a strong
indication of the area which requires the most work. The
items aimed toward the formal cognitive level need to be
improved and questions should be added. Rather than dis-
cuss each item separately, this researcher would attack
the changes as a bigger project, i.e., what objectives
and corresponding items are invqlved in understanding
limits of sequences at the formal level. The problem here
may also be complicated by a population that does not
formally understand the concept of the limit of a sequence.
This researcher recalls having no correct responses when
asking students for the definition of the limit of a
sequence in the preliminary stages of this research. More
than 70 persons who had studied limits of sequences were
unable to produce a correct definition. For that reason,
items such as 5I1 and 5I2 were inserted into the test.
More items like these would reflect whether the student
really knows a definition--more so even than just writing
a definition. Some students have been known to memorize
definitions with no understanding of the meaning behind the
definition whatsoever. So this subtest needs more work,
the results of which may not even be applicable to the
population of concern in this study. The population may
be those persons who have studied limits of sequences in

much greater depth than a normal first exposure course
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would provide.
The reliability of the identification level items was

very good. These seemed to be the easiest items to con-

L struct, and also, students most frequently encounter these
type of items when studying limits. Regardless of the
instructional methodology used in a given course, stucdents

< are repeatedly required to find the limit of a particular

[ N
Y ‘."- el
L]

sequence, if that limit, in fact, exists.

0
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The other subtests had reliabilities that were good.
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The group of items comprising each of these subtests would
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AL A4

not require major changes. It may interest the reader to
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AL
Y

note that the easiest subtests, if measured by the percentage

T SO A A

p of correct responses, were those involving the intuitive

and identification cognitive levels. On the other hand,

?bj students had trouble with the production level. Fifty-

— three percent correct was the average score for the pro-

duction level items. This researcher proposes that this

i33 could be remedied by reversing the types of questions a
teacher asks. For example, instead of asking

é;i "What is the limit of the sequence f defined by:

%;S For each n, f(n) = 1/n,"

'L: the teacher should ask the students for a variety of

examples of sequences with limit zero. Research using dif-

J;f ferent instructional techniques should investigate this.

v Also, to be considered is the possibility that the proper

notation required to answer these questions is interfering
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with the students obtaining the correct solution. Some
evidence of that was noticed in their responses. The
reader might recall that this researcher did not claim any
particular hierarchy for these levels, although one might
possibly be present.

Statistics from responses to individual items can be
informative and sometimes suggest changes for a particular
item. A discussion of some of the individual items is
worthwhile here.

Item 3I provides us with some especially interesting
information or conjectures. 3I was an item onto which this
researcher accidentally stumbled during the one-on-one case
study that was mentioned earlier. Note that only 54 per-
cent of the examinees correctly responded that "b" was
the correct choice for this problem:

Suppose that we have a sequence {an} such that for

each natural number n

n% for n < 1,000,000,000,000

n 1
4 for n » 1,000,000,000,000.
n
jf Biglt 2n
4 . 4
g a) is 1,000,000,000,000 .
;$ b) is 0.
j - ¢) is not a real number because the terms of
]
~ the sequence are not bounded.
3
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One might suspect that notation was the primary pro-

blem causing students to do poorly on this item. However,
after observin